We have examined both experimentally and theoretically a piezoelectric unimorph cantilever as a liquid viscosity-and-density sensor. The fabricated piezoelectric unimorph consisted of a PbO•ZrO 2 •TiO 2 ͑PZT͒ layer on a thin stainless-steel plate. In addition to a driving electrode, a sensing electrode was placed on top of the PZT layer, permitting the direct measurement of the resonance frequency. The cantilever was tested using water-glycerol solutions of different compositions. In all three of the tested modes, the resonance frequency decreased while the width of the resonance peak increased with increasing glycerol content. To account for the liquid effect, we consider the cantilever as a sphere of radius R oscillating in a liquid. By including the high and low frequency terms in the induced mass and the damping coefficient of the liquid, we show that for a given liquid density and viscosity the oscillating-sphere model predicts a resonance frequency and peak width that closely agree with experiment. Furthermore, the viscosity and the density of a liquid have been determined simultaneously using the experimentally measured resonance frequency and peak width as inputs to the oscillating-sphere model. The calculated liquid viscosity and density closely agreed with the known values, indicating that our cantilever-based sensor is effective in determining viscosity and density, simultaneously. We also show that scaling analysis predicts an increase in the width of the resonance peak with decreasing cantilever size, an observation in agreement with the large peak widths observed for microcantilevers.
INTRODUCTION
There has been a growing interest in on-line detection of liquid viscosity since it is a critical parameter sensitive to material property changes caused by chemical reaction, solidification, gelation, and/or deposition of substances.
1-6 Online viscosity and density monitoring offers a powerful tool for monitoring the quality of a liquid and processes involving a liquid environment. For example, automobile engine oil undergoes both physical and chemical changes that degrade its performance over time. An on-line engine-oil viscosity sensor and indicator is of great interest to the automobile industry because it can remind the driver of the need for timely oil changes. 1 Similarly, in the colloidal processing of materials, uniformity in the suspension density is critical to the mechanical integrity of the final product. 7 Localized monitoring of viscosity and/or density presents a valuable means of controlling the spatial density variation in a suspension.
In recent years, a number of viscosity-sensing devices have been developed based on the mechanism of resonance, including PbO•ZrO 2 •TiO 2 ͑PZT͒-disk oil viscosity sensors, 1 microfabricated-cantilever viscosity sensors, 2 quartzmembrane viscosity sensors, 3 and other types of ultrasonic viscosity sensors 4, 5 including surface-acoustic-wave ͑SAW͒ viscosity sensors. 6 The idea behind all of these developments is the desire to detect a change in the resonance frequency and/or a change in the resonance peak width in the liquid, and from this deduce the liquid viscosity. Ultrasonic viscosity sensors are either based on thickness-mode resonance as in quartz-membrane viscosity sensors [3] [4] [5] or based on the resonance of the SAWs as in a Love-wave device. [4] [5] [6] The viscosity of a non-Newtonian liquid is known to be frequency ͑or rate͒ sensitive.
1, 8 The operating frequency of ultrasonic viscosity sensors usually ranges from several MHz to a few hundred MHz. This is the frequency range where the viscosity of a non-Newtonian liquid can be substantially different from its low-frequency value that is often the quantity of interest. quencies than the thickness modes or the radial modes. This makes flexural-mode devices better suited for sensing the low-frequency intrinsic viscosity of non-Newtonian liquids. 1 PZT-disk oil viscosity sensors 1 and the microcantilever viscosity sensors 2 both utilize flexural-mode resonance, allowing viscosity sensing at a lower frequency. The PZT-disk viscosity sensors demonstrated that the flexural mode could be used for engine oil viscosity sensing in the 30-150 cP range. However, the resonance-frequency change of the PZT-disk oil viscosity sensor is rather small (Ͻ2.5%). 1 The microcantilevers have been used with a high sensitivity in the viscosity range of 1-200 cP. However, most of the work with microcantilever sensors has been through the use of an optical system to monitor the movement of the microcantilevers, which can limit their application in on-board or portable systems.
While the PZT-disk oil viscosity sensors and the microcantilevers demonstrated that they can be used for viscosity sensing it is not clear what controls the sensitivity and the viscosity range of a flexural-mode viscosity sensor. In this study, we examine the viscosity-and-density sensing capability of a flexural-mode device both experimentally and theoretically. Our flexural-mode viscosity-and-density sensor is a unimorph cantilever consisting of a piezoelectric, PZT layer and a stainless-steel layer ͑Fig. 1͒. The piezoelectricity of the PZT layer allows the resonance frequency to be detected directly with a dual-electrode design: one electrode for driving and one for sensing. That the resonance can be detected directly sets the piezoelectric cantilevers apart from siliconbased microcantilevers where vibrations must be detected with a laser beam or with a piezoresistive coating. On the theoretical side, we provide a fundamental understanding for the flexural-mode viscosity-and-density sensors through a detailed analysis and indicate how the sensitivity and viscosity range of flexural-mode sensors can be controlled. A scaling analysis is also provided to predict how the resonance frequency and the resonance peak width change with the size of the device.
EXPERIMENTAL PROCEDURE
The PZT/steel unimorph cantilever was fabricated from an EC76 PZT thin sheet ͑EDO Corporation, Salt Lake City, UT͒ and a stainless steel foil ͑Shop-Aid Inc., Woburn, MA͒. A schematic of the cantilever is shown in Fig. 1͑a͒ . The silver-paste ͑Heraeus Inc., West Conshohocken, PA͒ driving and sensing electrodes were first painted on one side of the PZT, followed by heat treatment at 600°C for 20 min. The U-shaped gray area along the rim of the PZT depicts the driving electrode. The long rectangular gray area along the central line of the cantilever is the sensing electrode. The sensing electrode allows the output signal to be detected directly with high sensitivity. After the driving and sensing electrodes were made, the other side of the PZT sheet was bonded to the stainless-steel foil using the same silver paste followed by the same curing procedure as in the top electrodes.
The dimensions of the PZT and the stainless steel sheets are listed in Table I . Note that the stainless-steel layer is longer than the PZT layer. The cantilever is clamped at the PZT end. The stainless-steel tip is the free end that is immersed in the liquid as illustrated in Fig. 1͑b͒ , serving as the sensing tip. The U-shaped outer electrode is connected to a functional generator to serve as the driving electrode. The rectangular inner electrode is connected to an oscilloscope to serve as the sensing electrode. When the driving frequency coincides with one of the resonance frequencies of the cantilever, a large voltage output can be obtained from the sensing electrode. The resonance spectra of the cantilever can also be obtained using an HP4192 impedance analyzer. In this case only the U-shaped outer electrode is connected to the impedance analyzer.
The solutions of glycerol and water of various glycerol concentrations were prepared as the test liquids. Specifically, water ͑0 wt % glycerol͒, a solution with 50 wt % glycerol and 50 wt % water ͑50 wt % glycerol͒, a solution with 75 wt % glycerol and 25 wt % water ͑75 wt % glycerol͒, and glycerol ͑100 wt % glycerol͒ were the four liquids used in this study. As shown in the schematic setup in Fig. 1͑b͒ , the PZT/steel cantilever was rigidly clamped at the PZT end with an aluminum fixture. The free stainless-steel end was immersed in the test liquid. Two dipping depths were used: 1.5 and 0.76 cm. The viscosity of the glycerol-water solutions was also measured independently using a constant-stress rheometer ͑Rheometrics DSR͒.
THEORETICAL ANALYSIS
To consider the effect of the surrounding viscous liquid to an axially oscillating cantilever, we approximate the cantilever as an oscillating sphere immersed in a liquid as schematically illustrated in Fig. 2 following Ref. 2 . The approximation is justified for: ͑i͒ the cantilever is much longer than it is wide, ͑ii͒ the axial displacement is significantly larger at and near the tip of a cantilever. In addition, the oscillatingsphere model allows an analytic expression for the drag force due to the liquid. As we will show below, the oscillatingsphere model works quite well for the present cantilever systems. When an oscillator is immersed in a liquid and driven by an external harmonic force F 0 e Ϫit , the equation of motion for the oscillator in the axial direction y can be written as
where is the angular frequency, M e and K the effective mass and effective spring constant at the tip of the cantilever respectively, M I and b the induced mass and the damping coefficient due to the viscous liquid, respectively, and b in the intrinsic damping coefficient of the cantilever. and
where the subscript ϱ denotes →ϱ. When the frequency approaches zero or the viscosity is high, the second term on the right hand side of Eqs. ͑2͒ and ͑3͒ dominates and M I and b approach
where the subscript 0 denotes →0. As we will show below, the low-frequency correction terms, i.e., Eqs. ͑6͒ and ͑7͒ ͓or the second term on the right-hand side of Eqs. ͑2͒ and ͑3͔͒ become important when the liquid viscosity becomes high. For a cantilever of density , uniform thickness h, width w, and length L, the effective mass at the tip of the cantilever is 0.236hwL. 10 However, as shown in Fig. 1͑a͒ , the present cantilever has a thin stainless-steel overhang at the tip of the PZT/stainless steel section. Because the output electrical signal results from the piezoelectric effect in the PZT layer, what affects the output signal most is the vibration amplitude at the tip of the PZT layer. Therefore, we approximate the oscillating sphere to be located at the tip of the PZT layer ͑i.e., at xϭL p ) but not at the tip of the stainless steel overhang ͑i.e., xϭL s ), where L p and L s are, respectively, the length of the PZT layer and that of the stainless steel as illustrated in Fig. 2 . The effective mass of the cantilever at the end of the PZT/stainless steel section ͑i.e., xϭL p ) may be written as
where p , h p , and L p are the density, thickness, and length of the PZT layer, s and h s the density and thickness of the stainless-steel layer, and w the width of the cantilever. The first term on the right hand side of Eq. ͑8͒ represents the effective mass of the PZT/stainless steel section at the tip of the PZT layer. The second term on the right hand side of Eq. ͑8͒ represents the effective mass of the stainless steel tip at the tip of the PZT layer. It is obtained by approximating the stainless-steel tip to be an attachment at the tip of the PZT layer that moves at the same velocity as the tip of the PZT layer ͑or the PZT/stainless-steel section͒. The approximation was justified for: ͑i͒ the stainless steel tip is much lighter than the PZT/stainless steel section and ͑ii͒ no PZT layer is on top of the stainless steel tip to actuate it. Because the stainless steel tip is much thinner than the PZT/stainless-steel section and the bending modulus is a third-power function of the thickness, it is justifiable to neglect the stainless-steel tip in estimating the effective spring constant at the tip of the PZT/stainless-steel section.
Neglecting the stainless-steel tip, the effective spring constant K at the tip of the PZT/stainless steel section may be approximated as 10 
Kϭ
3D P w
where D P is the bending modulus of the PZT/stainless steel section which can be written as
where E p and E s are the Young's modulus of the PZT layer and that of the stainless-steel layer, respectively. The lowest resonance frequency in air can be approximately expressed in terms of K and M e as
For higher-mode resonance, the resonance frequency may also be expressed in terms of K and M e as
where n i is the ith-mode eigenvalue. When the cantilever is immersed in a liquid, with y ϭy 0 e Ϫit , Eq. ͑1͒ gives the axial amplitude y 0 as
and the maximum in ͉y 0 ͉ occurs at ϭ max where
being the resonance frequency without damping and
being the damping coefficient per unit mass. Note that at ϭ max , both ͉y 0 ͉ and Im(y 0 ) have a peak value F 0 / max ␥. However, the peak widths at half the peak height are )␥ and ␥ for ͉y 0 ͉ and Im(y 0 ), respectively. Thus, as ␥ increases, the resonance peak width increases. Furthermore, as can be seen from Eqs. ͑14͒-͑16͒, both the increase in the liquid induced mass and that in the liquid damping coefficient can lower the resonance frequency. Figure 3 summarizes the cantilever's resonancefrequency spectra obtained from the sensing electrode for frequencies below 2500 Hz. In this frequency range, the cantilever exhibits three in-air resonance frequencies ͑open squares͒: 334 Hz ͑mode 1͒, 1432 Hz ͑mode 2͒, and 2090 Hz ͑mode 3͒. Using Eqs. ͑8͒-͑11͒ and the parameters listed in Table I , the calculated value for f 1 is 330 Hz, in agreement with the lowest measured resonance frequency in air, 334 Hz, as shown in Fig. 3 . The agreement between the experimental and estimated lowest resonance frequency in air indicates that the approximated effective mass M e and the effective spring constant K for the cantilever are reasonable. Meanwhile, using Eq. ͑12͒, the eigenvalues for mode 2 and mode 3 resonance can be deduced empirically. We obtained n i ϭ4.3 and 6.25 for mode 2 and mode 3, respectively. For a cantilever with a uniform cross section, the second mode eigenvalue is 6.25. 10 This indicates that the mode 2 resonance obtained with the present cantilever would not appear if the cantilever had constant thickness throughout the length.
RESULTS AND DISCUSSIONS
Also shown in Fig. 3 are the resonance-frequency spectra with a 1.5 cm dipping depth in water ͑open circles͒, in 75 wt % glycerol ͑open up triangles͒, and in glycerol ͑open down triangles͒. In water, the resonance frequencies of mode 1, mode 2, and mode 3, respectively, decreased to 212, 870, and 1730 Hz. In 75 wt % glycerol, the three resonance frequencies were further decreased from 334, 1432, and 2090 Hz to 190 ͑mode 1͒, 805 ͑mode 2͒, 1700 Hz ͑mode 3͒. In glycerol, the lowest resonance frequency ͑mode 1͒ was not observable. The two higher resonance frequencies were observed at 733 ͑mode 2͒ and 1630 Hz ͑mode 3͒. It is clear that in all three modes, the resonance frequency decreases as the glycerol content of the liquid increases. As we will show below, the shift in the resonance frequency is closely related to the change in the viscosity as well as in the density of the test liquid. As listed in Table II , both the viscosity and the density of the test liquid increase with the glycerol content. Besides the shift in the resonance frequency, a more viscous liquid also makes the resonance peak broader as we discussed in the previous section. As an example, Fig. 4 shows the phase-angle spectra obtained from the impedance analyzer at the second resonance ͑mode 2͒ of the cantilever in various water/glycerol solutions with a 1.5 cm dipping depth. Clearly, as the viscosity of the liquid increases with the glycerol content, the height of the resonance peak progressively decreases and the peak width increases. The peak widths at half peak height ␥/2 determined from Fig. 4 are listed in Table III .
To examine the sensitivity of the three resonance modes in terms of resonance frequency change by the surrounding liquid, we use ⌬ f / f w ϭ( f w Ϫ f 75% )/ f w as a measure, where f w and f 75% are, respectively, the resonance frequency in water and that in 75 wt % glycerol. The obtained ⌬ f / f w for the three modes are listed in Table IV . It can be seen that among the three modes, mode 1 has the highest sensitivity, with ⌬ f / f w Х11%. Moreover, a different dipping depth also affects the resonance-frequency change and the peak width. For example, listed in Table V are the mode 2 resonance frequencies and peak widths in various liquid environments with a 0.75 dipping depth. The resultant ⌬ f / f w for the mode 2 resonance with a 0.75 cm dipping depth in various liquid environments is also listed in Table V . Compared to a 1.5 cm dipping depth, the 0.75 dipping depth gives a smaller change in the resonance frequency. The ⌬ f / f w decreases from about 7.7% at a 1.5 cm dipping depth to about 4% at a 0.75 cm dipping depth.
With a piezoelectric unimorph cantilever, the axial displacement can be detected from the sensing electrode as an induced voltage difference across the thickness. From the direct voltage measurement as a function of frequency in Hz, both the resonance frequency f max ϭ max /2 and the damping factor per unit mass ␥/2 can be obtained.
Alternatively, the axial displacement can be detected from the impedance measurement as well. For convenience, all peak widths reported from this work were obtained from the impedance analyzer. Far away from the resonance frequency, the unimorph cantilever behaves as a capacitor. Therefore, the impedance of the unimorph can be generally expressed as
where c is the capacitance of the unimorph, and iz i the induced impedance due to the flexural displacement. This can be seen by plotting the impedance ͉z͉ versus f on a log-log scale where log͉z͉ is linear in log f with a slope of Ϫ1 ͑see Fig. 5 where the impedance ͉z͉ is plotted versus f for a 1.5 dipping depth in water, 50 wt % glycerol, 75 wt % glycerol, and glycerol͒. For the present cantilever, the deduced capacitance is cϭ6.0 nF. The induced impedance iz i is related to the axial displacement and can be expressed as
where ␣ is a proportional constant. Note that in electrical measurements, the real part of z, Re(z), relates to dissipation, whereas in the displacement measurement it is the imaginary part of y 0 , Im(y 0 ), which is related to dissipation. Therefore, Re(z) is proportional to Im(y 0 ). Knowing that Re(z) is proportional to Im(y 0 ), we can also obtain f max and ␥/2 from the peak position and peak width at half the peak height of Re(z i ) versus f . In the present system, the background term Ϫi/c is the dominant term as can be seen from Fig. 5 . The phase angle is always close to Ϫ90°͑see Fig. 4͒ . Therefore, Re(z) is roughly linear with ⌬ϵϩ90. Thus, f max and ␥/2 can be obtained from the peak position and the peak width at half the peak height of ⌬ versus f ͑or versus f as shown in Fig. 4͒ as well. The f max and ␥/2 obtained from Re(z i ) versus f ͑not shown͒ are essentially the same as those deduced from versus f . In the following, all the values of f max and ␥/2 were obtained from the versus f plots.
With known and , we can solve Eqs. ͑15͒ and ͑16͒ to obtain the resonance frequency f max and the peak width ␥/2, provided the effective radius R and the intrinsic damping coefficient of the cantilever b in are known. Conversely, with the measured f max and ␥/2, we can also solve Eqs. ͑15͒ and ͑16͒ for the liquid density and the liquid viscosity . It is this latter approach that allows the cantilever to be a viscosity-and-density sensor.
With the known effective mass of the cantilever M e, one can obtain the intrinsic damping coefficient b in from the resonance peak in air. We obtained b in /2Х9.0 ϫ10 Ϫ3 Hz/kg. To obtain R empirically, we fit the resonance frequency f max in water to the measured value using the known density and viscosity of water. For a dipping depth of 1.5 cm, we obtain Rϭ7. 8, 6 .315, and 5.05 mm for mode 1, mode 2, and mode 3 resonance, respectively, which are listed in Table IV along with ⌬ f / f w . From Table IV , it is clear that for a given dipping depth, ⌬ f / f w increases with R. Mode 1, which has the largest R, shows the highest ⌬ f / f w . This may be qualitatively understood as follows. In a Mode 1 vibration, the entire cantilever moves in the same direction as the tip, whereas at higher modes the number of nodes increases with an increasing resonance frequency. Thus at higher modes only an increasingly smaller part of the cantilever moves in the same direction as the tip, resulting in a smaller R. Meanwhile, for the same resonance mode, a smaller dipping depth can also give a smaller R. For example, R for the mode 2 vibrations reduced from 6.315 to 3.55 mm when the dipping changed from 1.5 to 0.75 cm. As ⌬ f / f w decreases with a decreasing R, this in turn reduces ⌬ f / f w from 7.7% to 4% when the dipping depth changes from 1.5 to 0.75 cm.
Knowing the effective radius R, the liquid density, and the liquid viscosity, the corresponding resonance frequency in the liquid can be obtained by solving Eqs. ͑15͒ and ͑16͒ using Eqs. ͑2͒ and ͑3͒ to calculate M I and b. The obtained resonance frequency is also plotted in Fig. 3 to compare with the experimental results. It is clear that the calculated resonance frequencies are in close agreement with the experimental result. To see how the liquid viscosity and density affect the resonance-frequency shift, we calculate f 0 using M I ϱ and b ϱ as depicted in Eqs. ͑4͒ and ͑5͒ instead of the M I and b depicted in Eqs. ͑2͒ and ͑3͒. The quantity f 0 , represents the high-frequency-limit resonance frequency of the cantilever surrounded by a liquid. The obtained values of f 0 along with f max are plotted in Fig. 6 as a function of with both 1.5 and 0.75 cm dipping depths. Also plotted in Fig. 6 are the experimental resonance frequencies. Here, f max agrees with the experimental resonance frequencies better than f 0 , especially when the viscosity becomes higher than or equal to 40 cP. The reason that f 0 does not agree with the experimental resonance frequency as well as f max when the viscosity becomes high is that Eqs. ͑4͒ and ͑5͒ do not represent the induced mass and the damping coefficient correctly because ␦/R is not negligibly small at higher viscosity. For example, in glycerol, ␦/RХ0.085. Thus, when Eq. ͑4͒ is used instead of Eq. ͑2͒, the M I for glycerol is underestimated by about 18%, which in turn leads to an overestimation of the resonance frequencies as can be seen from Fig. 6 . Similar overestimation of the resonance frequency by using the high- FIG. 5 . ͉z͉ vs f in a log-log plot near the mode 2 resonance frequency in water, 50 wt % glycerol, 75 wt % glycerol, and glycerol with a 1.5 cm dipping depth where ͉z͉ is the absolute value of the impedance and f the frequency. The log(͉z͉) is linear in log(f ) with a slope Ϫ1 indicates that the cantilever is mainly a capacitor with a capacitance of 6.0 nF. frequency expressions for M I and b is also apparent in Ref.
2 where only the high-frequency terms, Eqs. ͑4͒ and ͑5͒, were considered for M I and b. From Fig. 6 , it is clear that at higher viscosity, Eqs. ͑2͒ and ͑3͒ should be used for M I and b so that the resonance-frequency shift can be calculated correctly. The calculated values for ␥ liq /2ϭ(1/2)(b/M e ϩM I) are also listed in Table II . With b in /2ϭ9.0 ϫ10 Ϫ3 Hzkg, the calculated values for ␥/2ϭ(1/2) (b ϩb in )/(M eϩM I) in various liquid environments are also listed in Table II . It can be seen that the calculated values for ␥/2 are also in close agreement with the measured results.
Conversely, the liquid viscosity and liquid density can be determined simultaneously by solving Eqs. ͑15͒ and ͑16͒ using the measured f max and ␥/2 as the input and M I and b calculated using Eqs. ͑2͒ and ͑3͒. For example, the resultant and of the tested liquids are plotted in Fig. 7 using f max and ␥/2 from the mode 2 oscillations with a 1.5 dipping depth. The known values of and are also plotted in Fig. 7 . For all four tested liquids, the deduced and are in good agreement with the known values of and of the tested liquids This demonstrates that with the present approach, the cantilever can indeed be used as a simultaneous viscosity-and-density sensor.
SIZE EFFECT: SCALING ANALYSIS
Presently, there is tremendous interest in miniaturizing the cantilevers as microsensors 2,12-14 for medical and other purposes. It is important to understand how the change in the dimension of the cantilever affects the damping coefficient and therefore the sensitivity of the cantilever in a liquid environment. To examine the effect of miniaturization, let us first look at the induced mass as listed in Table II and compare it with the cantilever's own effective mass. With 1.5 cm dipping depth, M Iϭ1.0ϫ10
Ϫ3 and 1.97ϫ10 Ϫ3 kg, for a mode 1 resonance in water and that in 75 wt % glycerol, respectively. Both values are much larger than the cantilever's own effective mass M eϭ3.09ϫ10 Ϫ4 kg. Therefore, in the following scaling analysis, we will neglect M e and consider only the induced mass M I. Let us consider a cantilever that shrinks in all three dimensions by a factor ␤ as schematically shown in Fig. 8 . As a result, the effective spring constant k(␤) of the shrunk cantilever scales as
where K is the spring constant of the cantilever before shrinking. We will separate the discussions into two regimes, i.e., the high frequency regime and the low frequency regime.
(i) High-frequency or low viscosity regime. In the high frequency regime, the induced mass ͓Eq. ͑4͔͒ for the shrunk cantilever is
Therefore,
In this regime, the resonance frequency increases as the size of the cantilever decreases. The damping factor b ϱ (␤) as depicted in Eq. ͑5͒ and the damping factor per unit mass ␥ liq (␤) of the shrunk cantilever, respectively, are
and
.
͑23͒
As ␥ liq (␤) determines the width at half the peak height, one expects that as the cantilever shrinks the resonance peak becomes broader according to Eq. ͑23͒. The quality factor defined as Qϭ f max /␥ also becomes smaller as
Q. ͑24͒
(ii) Low-frequency or high-viscosity regime. In this regime, the induced mass ͓Eq. ͑6͔͒ for the shrunk cantilever becomes
where f i is the resonance frequency without damping
Combining Eqs. ͑25͒ and ͑26͒, we get
͑28͒
The damping factor, b 0 (␤) ͓Eq. ͑7͔͒ and the damping factor per unit mass ␥ liq (␤) of the shrunk cantilever, respectively, are
. ͑30͒
Therefore, in the low-frequency, high-viscosity regime, ␥ liq (␤) increases as ␤ Ϫ4/3 , slower than in the highfrequency, low viscosity regime. The quality factor decreases as
faster than in the high-frequency, low-viscosity regime.
In the experiments, the condition is somewhere inbetween the two regimes. One expects that the scaling of ␥ liq and Q with respect to ␤ will be between Eqs. ͑23͒ and ͑24͒, and Eqs. ͑30͒ and ͑31͒. From the above scaling analysis, one can see that the resonance peak of a cantilever in a liquid will become broader as the dimension of the cantilever is reduced. Moreover, the broadening of the resonance peak with respect to a decreasing cantilever size is more pronounced in the low-frequency, high-viscosity regime than in the highfrequency, low-viscosity regime. The broadening effect will no doubt increase the sensitivity of the viscosity measurement. Meanwhile, the resonance frequency increases with decreasing cantilever size in both regimes although the increase in the resonance frequency with decreasing cantilever size is not as steep in the low-frequency or high-viscosity regime. This difference will also enhance the sensitivity of the resonance frequency change with respect to viscosity when a smaller cantilever is used.
Although the geometry of the present cantilever is not exactly in proportion to the microcantilevers used in Ref. 2 , we can still compare the results of the present study with that in Ref. 2 to see how the sensitivity of the measurements changes as the dimension of the cantilever shrinks. The present cantilever that is about 3 cm long is about two orders of magnitude longer than the microcantilevers used in Ref. 2 which are about 100 m long. In water, the lowest resonance frequency in the present system is about 212 Hz. The microcantilevers' resonance frequencies in water were about 25 kHz, about two orders of magnitude higher than that of the present study, in line with the scaling result shown in Eq. ͑21͒ which predicts that the resonance frequency is inversely proportional to the dimension of the cantilever. When immersed in a more viscous liquid, for example, the present cantilever has a resonance frequency of about 190 Hz in 75 wt % glycerol. The microcantilevers' resonance frequencies in 90% glycerol were about 5 kHz, about 25 times higher than the resonance frequency of the present cantilever. This also supports the scaling result that the resonance frequency increases less steeply with a decreasing cantilever size in the high-viscosity regime than in the low-viscosity regime ͓see Eqs. ͑21͒ and ͑28͔͒. For peak broadening, in the present experiment, ␥/2 is about 20 Hz in water. In comparison, the microcantilevers had a ␥/2 on the order of kHz in water, about two orders of magnitude higher than that of the present cantilever, also qualitatively in line with prediction of Eqs. ͑23͒. In a more viscous liquid, the present cantilever has a ␥/2 about 140 Hz. The microcantilevers had a ␥/2 about 2 kHz, about one order of magnitude higher than that of the present study, also qualitatively in line with the prediction that ␥ liq increases less rapidly with a reduced cantilever size in the high-viscosity regime than in the low-viscosity regime ͓see Eqs. ͑23͒ and ͑30͔͒.
CONCLUSIONS
We have examined both experimentally and theoretically a piezoelectric unimorph cantilever as a liquid viscosity-anddensity sensor. The piezoelectric unimorph consists of a PZT layer on top of a thin stainless-steel layer. In addition to a driving electrode, a sensing electrode is also fabricated on the top surface of PZT, allowing the resonance frequency to be detected simply, enabling the cantilever to be easily integrated in on-board or portable applications. Water-glycerol solutions of various glycerol concentrations were used as the test liquids. In all three modes examined in the frequency range Ͻ2500 Hz, the resonance frequency decreases while the width of the resonance peak increases with an increasing glycerol content. We consider the effect of the liquid on the cantilever by modeling the cantilever as an oscillating sphere with an effective radius R. By including both the highfrequency, low-viscosity term ͓Eqs. ͑4͒ and ͑5͔͒ and the lowfrequency, high-viscosity term ͓Eqs. ͑6͒ and ͑7͔͒ in Eqs. ͑2͒ and ͑3͒ for the induced mass and the damping coefficient of the liquid, we showed that the oscillating-sphere model predicts resonance frequencies and peak widths that are in close agreement with the experimental data for viscosity ranging from 1 to 600 cP. The consideration of the high-viscosity term, i.e., Eqs. ͑6͒ and ͑7͒, are crucial for obtaining the right resonance frequencies and right peak width in the high viscosity regime.
The effective radius of the oscillating sphere R varies with both the dipping depth and the in-air resonance frequency. For a given depth, the effective R increases with a decreasing in-air resonance frequency. The sensitivity ⌬ f / f w increases with a decreasing in-air resonance frequency ͑due to an increasing R where f w is the resonance frequency in water and ⌬ f ϭ f 75 Ϫ f w with f 75 being the resonance frequency in 75 wt % glycerol. Within a given mode, a larger dipping depth also increases R and hence the sensitivity.
To demonstrate the cantilever's capability for sensing the liquid viscosity and the liquid density simultaneously, we us the experimental mode 2 f max and ␥/2 with 1.5 cm dipping depth as the input and solved Eqs. ͑15͒ and ͑16͒ for the liquid viscosity and the liquid density simultaneously using the oscillating-sphere model ͓Eqs. ͑2͒ and ͑3͔͒. The deduced liquid viscosity and liquid density are in close agreement with the known values, indicating that the cantilever in the present approach can be an effective viscosity-and-density sensor.
A scaling analysis is also included to predict how the resonance frequency as well as the sensitivity of the measurement varies as the size of the cantilever is reduced. It is predicted that both the resonance frequency and the width of the resonance peak increase with a decreasing size in both the low-viscosity regime ͓Eqs. ͑21͒ and ͑23͔͒ and the highviscosity regime ͓Eqs. ͑28͒ and ͑30͔͒. The higher resonance frequencies and peak widths obtained from the microcantilevers qualitatively support these scaling analyses.
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